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Abstract In this paper, we theoretically analyze the effect of the wealth levels and underlying bankruptcy rules
on investment decisions in a bankruptcy game setting. There is considerable literature dealing with the question of
which principle bankrupt values should be divided according to and studying the axiomatic properties of different
bankruptcy rules. However, very few studies focus on the relation between the underlying bankruptcy rule to
be used and the investment decisions, and this study aims to contribute to this literature. More specifically, we
develop a bankruptcy model that enables us to study the wealth effect, using DARA (Decreasing Absolute Risk
Aversion) as investors’ utility function. This utility function specification enables us to include the uninvested
portion of their wealth in the utility equation and reach intuitive equilibrium behavior. By using Nash Equilibrium
as the solution concept, investment levels are reviewed under different rules and parameters. We focus on the three
commonly studied bankruptcy rules in the literature, namely, Proportionality (PRO), Equal Awards (EA), and
Equal Losses (EL). These rules are examined separately and as combinations to see which rule(s) leads to higher
total investment levels. It is shown that an agent’s equilibrium investment is affected by her own wealth and the
wealth of the other agents. There is a two agents case for computational and illustrative purposes in the last part
of the paper to complement the theoretical part.

Key words : Bankruptcy Rules - Wealth Effect - DARA- Total Investment

1 Introduction

Bankruptcy problems have made their debut in the literature in the 1980s. The pioneering study is the work of
O’Neill (1982), which examines a story from Talmud. In the story, a man dies bequeathing a certain amount of
estate that needs to be arbitrated between his children. The problem is that the total claims exceed the value of
the estate. The large class of such problems, where the asset to be allocated does not fulfill the sum of claims,
constitute the class of bankruptcy problems. A specific example can be a firm where each creditor holds a claim
and the total value of the claims exceeding the firm’s liquidation value.

There are studies in the axiomatic literature providing and analyzing bankruptcy principles such as Aumann
(1985), Dagan (1996), Herrero and Villar (2002). An extensive review of the axiomatic literature may be found in
Moulin (2002), Thomson (2003), and Thomson (2015). The prominent rules studied are Proportionality (PRO),
Equal Awards (EA), Equal Losses (EL), and the constrained versions of the last two of them (CEA, CEL). Aumann
(1985), Curiel (1987), and Dagan and Volij (1993) employ cooperative games and find game theoretical solutions
to them. On the other hand, Chun (1989), Dagan et al. (1997) use a non-cooperative game-theoretical approach
to study the Nash equilibria of the bankruptcy games induced by these prominent rules.

Another approach in this literature uses the strategical approach, in which the value of the asset is endogeneous.
In most cases, the value of the asset and the possibly bankrupt value is formed after an investment process
where agents make strategical investment decisions. When the rules such as Equal Losses, Equal Awards, or their
constrained versions are chosen as a division rule, at the end of this project, one’s outcome may be affected by

* We thank Emin Karagozoglu and Kerim Keskin for excellent comments. All remaining errors are ours.
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others’ investment decisions. This relationship makes the effect of bankruptcy principles on investment decisions
interesting and valuable. Also, one’s wealth might affect the amount of investment she can make. The wealth of
others in a common project gain importance once again thanks to the nature of the rules mentioned above. The
question of who are we investing together in the same company or project gains importance since after all wealth
of other people might affect my outcome with the specified indirect route.

The two studies investigating the implications of bankruptcy principles on total investment levels in a strategical
perspective are Karagozoglu (2014) and Kibris and Kibris (2013). Karagozoglu (2014) designs a non-cooperative
game with two types of agents (high and low income) and analyses the consequences under proportional (PRO),
constrained equal awards (CEA), and constrained equal losses (CEL). A fundamental assumption in the model is
that the agents are risk-neutral, and this assumption induces corner solutions. That is, each agent chooses either
zero investment or invests all her income. As a result, Karagozoglu (2014) finds that PRO is the total investment
maximizing rule.

Kibris and Kibris (2013), is the study more closely related to ours. They employ a non-cooperative game in
which agents are assumed to be risk-averse. In the model, agents have Constant Absolute Risk Aversion (CARA)
risk preferences. Thus, when everything else remains constant, a change in wealth does not lead to a change in
equilibrium investment levels of agents. Parallel with the choice of CARA, they create a model where agents can
borrow unlimited money from a bank with an interest rate normalized to 1. Agents borrow the amount of money
corresponding to their equilibrium investment level, and after the end of the project, they pay the exact borrowed
amount back. The model also assumes each agent has the same credibility. In Kibris and Kibris (2013), Nash
Equilibria analysis is made for proportional (PRO), equal awards (EA), and equal losses (EL). EL is singled out as
a rule yielding the maximum total equilibrium investment among them. Additionally, they also performs a welfare
analysis.

Our model differs from their work in this matter; thanks to the utility function, wealth becomes relevant, and
agents react to the wealth changes. We consider agents endowed with Decreasing Absolute Risk Aversion (DARA)
preferences. DARA preferences enable us to study the effect of changes in investors’ wealth on all agents’ investment
levels. Thus, agents are endowed with some level of wealth and they are expected to invest a non-negative amount
that cannot exceed their wealth.

We consider a simultaneous moves non-cooperative game of investment, and the underlying solution concept is
Nash equilibrium. Thanks to preference specification, the agents’ wealth level becomes relevant and affects their
investment decisions. This impact depends on the underlying bankruptcy rule to be implemented if the investment
ends up a failure and the remaining value of the assets is to be divided among the agents. PRO, EL, EA, and
mixture rules of the latter two with PRO weighted by a € [0,1], are analyzed in terms of both equilibrium
investment and total equilibrium investment. If the agents’ wealth levels increase, it turns out that the equilibrium
investment also increases.

DARA type preferences are backed up by evidence in many studies in the experimental literature. Hamal and
Anderson (1982) find experimental evidence for DARA among farmers in Nepal. Levy (1994) employs a dynamic
portfolio choice experiment. The proportion of assets modifiable in every round. After regressing the amount
of risky investment on wealth, he finds that subjects exhibit DARA preferences. Brocas et al. (2019) assume
individuals’ utility functions belong to a very comprehensive broad family of functions in a more recent study.
For different risk aversion parameters, this function becomes CARA, DARA, or IARA, and CRRA, DRRA, or
IRRA. They set up an investment game with one safe and one risky asset and ask people to allocate their wealth
dynamically between the assets. The main result of the paper is that most of the subjects show DARA and IRRA
type preferences.

Our main finding is that an increase in wealth leads to an increase in investment regardless of the underlying
bankruptcy rule to be used. There is also another effect that results from the changes in wealth of the other
people. This second effect varies with the bankruptcy rules and will be examined in detail throughout the following
sections. Finally, similar to Kibris and Kibris (2013), the ranking of the bankruptcy rules regarding total equilibrium
investment is EL>PRO>EA in our model.

Rest of the paper is organized as follows. In Section 2, we explain the model. In Section 3, the Nash equilibrium
analysis for each of the bankruptcy rules is conducted. We analyze the relation between the total equilibrium
investment and the choice of bankruptcy rules in Section 4. In Section 5, we provide a computational illustration
of the two-agent case. Finally, in Section 6, we conclude with closing remarks summarizing our results.

2 The Model

Let N = {1,...,n} denote the set of agents interpreted as potential investors, where n > 2. Each agent ¢ € N is en-
dowed with the following Decreasing Absolute Risk-Aversion (DARA) utility function, u;(x) = 1;—7(%)% Vx €
Ry where ; < 1 for all ¢ € N. This function belongs to the class of Hyperbolic Absolute Risk—A\;ersionl(HARA)
type utilities u(x) = 1_77(& +n)” first used in Merton (1971) for a dynamic portfolio allocation problem. For
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values of v < 1, the function exhibits DARA, that is, as the wealth level of the agent increases, she will be willing
to put more money at risk in absolute terms. HARA class of functions also exhibits increasing, constant, and de-
creasing relative risk aversion for n > 0, n = 0 and n < 0, respectively. We assume constant relative risk aversion,
n;, = 0 for all ¢ € N, to simplify the functional form of our results in this paper. Nonetheless, it should be noted
that this assumption does not drive our results. Finally, without loss of generality, we assume that v, > ... > ~,,.
Thus, we assume that the level of risk aversion of agents increases with that index. Furthermore, it might be of
interest to note that the natural logarithm (In) utility specification, i.e. u;(z) = In(x), corresponds to the case of
hm,y_,o.

Each agent ¢ is endowed with initial wealth w; € R, and simultaneously decides how much wealth to invest
on a risky project. We denote the vector of wealths of all the agents by w = (w1, ..., w,). Let s; € [0, w;] denote
the investment of agent i. The vector of investment of all agents is denoted by s = (s1,...,s,), and following the
investments, the total value of the project becomes S which is equal to the total value of the investments of the
agents, >y s;. We let w_; (resp. s_;) denote the wealth (resp. investment) vector of all agents other than ¢, and
with a slight abuse of notation we use N_; (resp. S—;) to denote N\ {i} (resp. > (4} 5i)-

With success probability p € (0,1), the project brings a return r € (0,7 where ¥ > 1, and the project’s
value becomes (1 4 7)S. If the project is successful, the resulting value, (1 + r)S, is shared between the agents
proportionally to their investments. Thus, an agent ¢ with initial wealth w;, would obtain (w; —s;)+(1+7)S (%) =
w; 4 rs; if the project succeeds. With the remaining probability (1 — p), the project goes bankrupt, and only the
B € (0,1) fraction of the total value survives. That is, the remaining total value becomes 8S. If the project goes
under, the firm’s value is allocated among the agents according to a prespecified bankruptcy rule.

In this paper, the three most commonly studied bankruptcy rules and their convex combinations are examined.
Proportionality (PRO) implies that every investor receives money according to the ratio of her share in the firm.
Under PRO, an agent’s return is equal to PRO;(s) = S (%) = fs;. The second rule is Equal Awards (EA),
which implies that, following bankruptcy, every investor shares what is left from the firm equally. Under EA, an
agent’s return is FA;(s) = gS . In the division phase of a bankrupt firm, EA is in favor of the smaller investor(s).
The last rule we consider is Equal Losses (EL), which implies that the loss that occurred, (1 — )5, is shared
equally among participants. Under EL, an agent’s return is EL;(s) = s; — @S from a bankrupt project. Since
investors divide the loss occurred equally, the division ends in favor of bigger investor(s).! Given any « € [0, 1],
the mixture applications of EA-PRO (AP|a]) and EL-PRO (LP[a]) are constructed by assigning weight « to
PRO and the remaining weight (1 — «) to EA (resp. EL). Thus, the return in case of bankruptcy for APq] is
APla)i(s) = aPRO;(s)+ (1 —a)EA;(s) = afs; + (1 — a)gS. Similarly, the return in case of bankruptcy for LP[c]

is LP[a]i(s) = aPRO;(s) + (1 — a)ELi(s) = afs;i + (1 — ) [sz - @S} 2 Thus, to summarize, the expected
utilites of an agent 7 with wealth level w; at an investment profile s when the underlying rule to be applied in case

of bankruptcy is respectively PRO, AP[«a], and LP[«a] are given by

UZ.PRO(S) = pui(wi + T‘Si) + (1 - p)uz [w’b - (1 - ﬂ)sl] ’

U[AP[Q](‘S) = pu;(w; +rs;) + (1 — p)u; {(w2 —s;) +afs; +(1— a)iS} , and

U () = pug(w; + rsy) + (1 — plus <(wi —s5)+afs;+(1—a) {si - (IB)SD .

n

Remark 1 We restrict the range of parameter values to ensure that for any «a € [0, 1], at any equilibrium investment
levels s*, AP[a];(s*) < sF and LP[a];(s*) > 0. That is, the two rules conincide with their constrained versions. It
should be noted that this also guarantees non-negative values of total money under LP[«a] in case of bankruptcy.
Thus, the expected utilities are well-defined.

3 Analysis of Bankruptcy Principles

In this section, we analyze the Nash equilibria and dominant strategy equilibria of the investment games corre-
sponding to cases in which different prespecified bankruptcy rules are implemented

! The well-known constrained version of EA and EL, respectively Constranied Equal Awards (CEA) and Constrained
Equal Losses (CEL) are defined as follows. CEA;(s) = min{EA;(s), s;}, thus no agent may recive a return greater than
her investment. Similarly, CEL,(s) = max{0, FL;(s)}, thus no agent may recive a negative return.

? Tt is easy to see that for a = 1, both AP[a] and LP[a] reduces to PRO. Similarly for a = 0, both AP[a] reduces to EA
and LP[a] reduces to EL.
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3.1 Proportionality (PRO)

The following proposition shows that under Proportional rule (PRO) the investment game has a unique dominant
strategy equilibrium:

Proposition 1 If pr < (1 —p)(1 — B), the investment game under the rule PRO has a unique dominant strategy
equilibrium (0, ...,0). Otherwise, the game has a unique dominant strategy equilibrium s* in which each agent i
chooses a positive investment level s} is given by

)

pr 71‘,1*1
(1 - {(l—p)(l—ﬁ)}
S ke
(=] -9

S = 1

Proof In the appendix.

Tt is worth reemphasizing that, for s7 > 0 to be the unique dominant strategy equilibrium, pr > (1 —p)(1 — 5)
should hold, which can be interpreted as follows. The left-hand side of the inequality is the expected return on
one unit of investment, and the right-hand side is the expected loss of the agent on one unit of investment. It may
also be noted that w; is also positive by definition.

Another comment that directly follows from the above proposition is that for PRO, the optimal investment
level s} increases (decreases) as w; increases (decreases). It is because individuals have DARA utility preferences,
as their wealth increases, they become less risk-averse than before and are willing to put more money at risk. It
is also worth noting that one could reinterpret this observation to consider an interpersonal comparison of two
agents with the same ~ values (which ensures that in case of having equal wealth both agents will be equally risk
averse) and different levels of wealth. As a final remark, we note that an agent’s investment decision is not affected
by their opponents’ wealth levels or risk attitudes under PRO. That is, given any agent ¢ € N any change in the
wealth levels or risk parameters of other agents does not lead to a change in the optimal investment level s;.

3.2 EA-PRO Mizture Rule - AP

The following proposition determines the form of the unique Nash equilibrium under AP[«]. We also consider the
restriction on the model’s parameter values so that at the Nash equilibrium, an agent’s compensation in case of
bankruptcy is no more than his investment, and no agent invests more than her wealth. Thus, we also consider as
an additional constraint that the parameter values are such that AP[a];(s*) < sf and w; > s > 0 for each i € N.
It should be noted that we have numerically shown that range of such parameter values is large enough, that is,
even under this additional constraints, the model is reasonably rich.

Proposition 2 If pr < (1 — p)[n_ﬁ_(nw, the investment game under the rule PRO has a unique Nash equi-
librium (0, ...,0). Otherwise, the game has a unique Nash equilibrium s* in which each agent i chooses a positive
investment level s} given by

(1= A w; (TTy (Air+8) = C Xy [T, (A7 +9)]) + C Ly [(1 = Awi Ty, (457 +9)

% = [Air + 6] (HN (Air+96)-C ZN {HN_i (AJT T 6)}) |

where A; = [ npt 0‘5]} ﬁ, cC=(01- a)g, and § = 1 — af8, under the additional constraints that
APla)i(s*) < sF and w; > sf > 0.

Proof In the appendix.

Thus, to have s} > 0 as the unique equilibrium investment level, pr > (1 — p)w should hold. We
could explain the left-hand side as the expected return on one unit of investment, and the right-hand side is the
expected loss of the agent on one unit of investment.

Remark 21t is worth noting that pr > (1—p)w and [[y [Air + (1 —af)]>C> (HNﬂ_ [Ajr+(1— aﬁ)])

are sufficient conditions for sf > 0 in the general case with any number of agents. For the special case of
) [n—B—(n—1)ap]

n

n = 2, ie. only two agents, s > 0 follows from pr > (1 —p . Put differently, for the case of

n =2 [[y[Ar+(1—ap)] >C> 5 (HNﬂ_ [Ajr+(1— a,é’)]) condition is automatically satisfied as long as
pr > (1 — p)w Computationally, we have shown that the same result holds for n = 3. Nonetheless,
due to complicated nature of the solution, it seems as a difficult problem to check whether one of the conditions
implies the other for any number of agents.
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In the following subsection, we restrict our attention to the analysis of equilibria under AP[a] rule, under the
simplifying assumption of only two agents with a shared risk aversion parameter.

8.2.1 Two-agent Case This is a miniature version of the model with two investors, i = 1,2, with equal risk
aversion parameters (7; = 75 = 7). The equilibrium investment level is obtained with the same procedure of n
investor case. The reason this exercise seems relevant in our view is that there are many variables in n agent case
affecting the optimal investment level, such as ~,, w; for ¢ € N. With this example and these assumptions, we will
be able to analyze both total investment comparison for rules and see the effect of wealth more clearly.
Under the simplifying assumptions, we get:
Bi[F—(1—a)Bl+(1—a) 5 (B1+Bs)
F2—(1—a)BF

A= [Mﬁ%g_am} T Bi=(1-A)w;) fori=1,2,C=(1-0a)2 and F = Ar + (1 — af).
Thus,

ST = , where

(1= Awi [Ar+ (1= )]+ (1 —a)5(1 — A) (w1 + wy)
[Ar + (1 — aB)] [Ar + (1 = B)]
All parts but 1 — A in the optimal investment level are positive. So the unique condition for equilibrium
investment level to be strictly positive is 1 — A > 0. And as in the n agent case, this condition reduces to

pr>(1-p) [n=B—(n=1)af]
The total investment S = F’ff&t%gF = F?Eltiz)ﬁ = (1—A)[1§1Ti7€12j62)(1—v)77].

s1 =

As in the similar exercise for PRO, the equilibrium investment is increasing on w; under AP[a]. Moreover,
wo has an effect too. The reason for the presence of those variables in the formula is the DARA utility function
assigned to each agent. For the broad range of v < 1, investors with any risk aversion degree exhibit the same
behavior in relation to both their own wealth and the wealth of others. The wealth of the other investors have an
effect on s; through the idea that for different wealth level of opponents’, the amount of their investments vary.
Further analysis of what happens when w; or ws increase (decrease) will take place in Section 4.

In order to make sure that no agent can earn more than her investment when she chooses to invest the optimal
investment level, sf > afs; + (1 — a)gS condition is necessary. The last necessary condition to be checked is
w; > s;. For some small interval of values of parameters given, the optimal investment level might be greater than
the endowment level of the agent. Since the whole process is an unconstrained optimization, this constraint has to
be regarded exclusively.

3.3 EL-PRO Mizture Rule - LP|c]

The following proposition determines the form of the unique Nash equilibrium under LP[«]. We also consider the
restriction on the model’s parameter values so that at the Nash equilibrium, an agent’s compensation in case of
bankruptcy is nonnegative, and no agent invests more than her wealth. Thus, we also consider as an additional
constraint that the parameter values are such that which 0 < LP[a];(s*) and w; > s} > 0 for each ¢ € N. It should
be noted that we have numerically shown that range of such parameter values is large enough, that is, even under
this additional constraints, the model is reasonably rich.

Proposition 3 If pr < (1 — p)w, the investment game under the rule PRO has a unique Nash
equilibrium (0,...,0). Otherwise, the game has a unique Nash equilibrium s* in which each agent i chooses a
positive investment level s} is given by

(1= A (TTy (A +6) + C Ly [Ty, (A7 +0)] ) =€ Xy [0 = Awi (T, (457 +9))]

S, = )

(A +8) (TLy(Air +6) + C Ty [Ty, (Air +9)))

J
where A; = [(1713)(17&7;1[)12(71—1)&)]} o= WLM, 0 = (1 — B)a, under the additional constraints that

0 < LP[a)i(s*) and w; > sf > 0.
Proof In the appendix.

So to have sf > 0 as equilibrium investment level, pr > (1— p)%n("*w should hold. We could explain the
left-hand side as the expected return on one unit of investment, and the right-hand side is the expected loss of the
agent on one unit of investment. In order to have every investor not suffering losses more than their investment, s

should be greater or equal to the loss anyone faces in the case of bankruptcy. That is, s7 > «a(1—3)s;—(1—«) a=hg

n
The last condition we should keep in mind is that the optimal investment level should not exceed wealth, that is,

w; > S;.
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3.8.1 Two-agent Case Now we consider a miniature version of the model with two agents, ¢ = 1,2, experiencing
equal risk aversion parameters, i.e., 7; = 75 = 7. The equilibrium investment follows from our previous result on n
investor case, proposition 3. The reason we are analyzing this simplified version is the intractability of the general
model. Under these assumptions, we will be able to analyze both total investment comparisons for rules and see
the effect of wealth.

This time, using a similar notation as above:

1

A= [MW] , By = (1= A)(w,) for i = 1,2, C = L=I=0 F = Ar 4 a(1 - B),
—a)(1—B)] = d=)1=5) . . .

st = BiF+( ;(214_(?)_]@)(1_5)1, (BitB2) which simplifies to

(1= A)(w) [Ar + (1= )] = B2 (1 — A)(wn + w)
[Ar + a(1 = B)] [Ar + (1 = B)]

With a similar exercise, we can only talk about a positive investment where 1 — A is already positive. After
that is satisfied, the condition for s} to be a positive equilibrium is By [F' + (1 — a)(1 — 8)] > %M(Bl + Bs).

So to have s¥ > 0 for ¢ = 1,2 as equilibrium investment level, pr > (1 — p)w should hold. As before,
one can interpret the left-hand side as the return on unit investment when the firm succeeds, the right-hand side
as the loss agents face in the case of bankruptcy.

The total investment S = ngﬁt%)gF = Ff;%fr_B(jm = (1;‘?4)_((?_27;’2)'

For agent i, different wealth levels or changes in wealth induce different levels of equilibrium investment, s;.
The effect of each agent’s own wealth is increasing on the investment. The wealth of the other investors has an
effect on ¢’s investment too, but this time it has a negative effect. The logic behind this is (1 — «) share of the
loss incurred will be suffered equally by investors. According to the model, if an opponent has greater wealth than
before, she would invest more, and now the smaller investors will be facing this danger of sharing equally a greater
total loss. So, they decrease their investment in order to prevent losing more and more in case of bankruptcy.

s =

4 Comparison of Principles - Total Equilibrium Investment

We examine mixed rules, AP[«] and LP[a], to determine which principle induces the highest total investment and
which one induces the lowest. We restrict our attention to the 2 agent case for the sake of simplicity on expressions
where both agents have the same absolute risk aversion parameter, i.e., y; = 75 = 7. It should be noted that this
approach allows us to compare not only pure PRO, EA, and EL among themselves but also talk about the effect
of changing the weight, a. Let us start with the comparison of EA and PRO through AP[a].

Proposition 4 (EA vs. PRO - AP[a]) PRO leads to weakly higher equilibrium total investment than EA | i.e.
PRO > FEA. Furthermore, at any parameter values that leads to strictly positive investments at equilibrium, the
inequality is strict, i.e. PRO > EA.

Proof There are three cases to consider:
Case 1) If pr > (171@(2277670‘5), (1—A > 0), Va € [0,1], for each AP[«] principle, all investors have positive
equilibrium investment levels. In this case:

) 1
g — (1—A) (w1 +wz) _ (1_[(1—1))(31?—/3—0#3)] :71 ) (w1tws)
Ar=d) [=mir=an ]~ r+(1-5)

where S is the total equilibrium investment. If we take partial derivative of S with respect to «; g—i > 0 is
the result. Therefore, as « increases, share of PRO increases and equilibrium total investment under AP[a] also
increases. When the constraints for positive investment are satisfied, PRO yields greater total investment than
EA.

Case 2) If pr = w for some a* € [0,1], since the term is increasing in «, the first case applies
Va € (a*,1]. On the other hand, Yo € [0,a*) one has pr < w as in case 3, and all of these levels
induce zero investment.

Case 3) If pr < w Yo € [0, 1], all AP[o] rules induce zero investment.

We can conclude with the result PRO > E A at any parameter values which leads to positive investments, and
PRO > FA in general.[J

Similarly, the comparison of EL and PRO is carried by taking the derivative of total investment under LP[«]
w.r.t. a, and we get the following proposition.

Proposition 5 (EL vs. PRO - LP[a]) EL leads to weakly higher equilibrium total investment than PRO , i.e.
EL > PRO. Furthermore, at any parameter values that leads to strictly positive investments at equilibrium, the
inequality is strict, i.e. EL > PRO.
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Proof As in the proof of preceeding proposition, there are three cases to consider:
Case 1) If pr > w Vo € [0,1], for each LP[a] principle, all investors have positive equilibrium
investment levels. In this case:

1
_ npr =1
G-ty lmmmRareme ] T 1>(w1+“’2)

Ar+(1-5) 1
[a=maZharay) L r+(1-6)

where S is the total equilibrium investment. If we take partial derivative of S with respect to «; % < 0is
the result. Therefore, as « increases, share of PRO increases and the equilibrium total investment under LP[a]
decreases. When the constraints for positive investment are satisfied, EL yields greater total investment than PRO.
Case 2) If pr = w for some a* € [0,1], since the term is increasing in «, the first case applies

VYa € (a*,1]. On the other hand, Va € [0,a*) the term pr < w and all of these levels induce zero
investment.

Case 3) If pr < w VYa € [0, 1], all AP[a] rules induce zero investment.

We can conclude with the result EL > PRO at any parameter values which leads to positive investments, and
EL > PRO in general.[]

S

Before proceeding to next section, where we provide a computational illustration of the two-agent case, let us
summarize our results concerning comparison of the rules in terms of total equilibrium investment levels. As a
straightforward corollary of the preceeding two propositions, we get the following corollary.

Corollary 1 The ranking of principles in terms of equilibrium total investment is EL > PRO > EA. Furthermore,
at any parameter values that leads to strictly positive investments at equilibrium, the inequalities are strict, i.e.
EL> PRO > FA.

Proof The results follows directly from conjuction of the two preceeding propositions.

5 PRO vs. EA vs. EL
Illustrations of total investment comparisons obtained via computations

Let n=2,8=06,p=05r=2 v =7y, =—1, and a = 0 means the principles will be pure EA and EL.
Initially, both agents have DARA utility function with equal v values, equal wealth, and hence they are equally
risk-averse. Therefore, they are expected to yield the same investment levels at equilibrium. We will investigate
the changes occurring in the equilibrium investment level of agent 1 and 2, s}, s3, under three principles. The story
here is that wealth changes while everything else remains constant. However, wealth change is not necessary to be
actualized. A comparison of two different wealth levels would also be enough, and our finding still applies.

Findings from Section 2 are as follows:

1. Wealth is a determinant of the amount of investment, and if w; rises, that leads to a rise in s}, vice versa.
Underlying reasoning was explained before, by the assumption made with the agent’s utility function, individual
risk aversion changes with wealth or takes different values for different wealth levels.

2. When n agents invest in a project together under EA or EL, the wealth of other investors affects sj. A
change in an opponent’s wealth triggers an increase or decrease in one’s investment, thanks to DARA. Directions
of this reaction will be analyzed with computations and figures.

3. In the equilibrium, where n = 2, the rankings of principles in total investment are EL > PRO > EA. This
proven finding will be further illustrated with computations.

In Figure 1, both agents have equal starting wealths, w; = wy = 3. Graph A shows what happens to the sj
when w; continuously increases from 3 to 6, while ws is equal to 3. The computation with given parameters at the
beginning of the section is reflecting an intuitive finding of our results. The level of wealth influences investment
levels when all other parameters are held constant. Consistent with the idea behind DARA, wealth increase has a
positive effect on investment, and s; increases under all principles.

Graph B shows reactions of s to the changes in ws. We consider the case where wy continuously increases
from 3 to 6 this time, and w; is equal to 3. This graph aims to clarify the influence of the increase in w9 on sj. By
its nature, under PRO, s7 is not affected by changes in ws. As a result, the black line is flat, and s} is constant
through the levels of ws. Figure 2 illustrates the computations in further detail by drawing each of the graphs on
a separate plane.

EA is the rule in favor of smaller shareholders. Note that sF4 starts from the same value in both Graph A
and B when w; = w; = 3. We saw that in Graph A, investment rises as own wealth does so. This means 1 will
invest more when w; increases. So 1 starts to be a bigger shareholder, and we know that EA is in favor of smaller
shareholders in the state of bankruptcy. Even though she gets a disadvantage by being a bigger shareholder, the
effect coming from her own wealth overrides the disadvantage of holding more shares. In Graph B, on the other
hand, w; does not change, and there is no own wealth effect on sj. However, as s3 increases thanks to ws, 2
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A stvswl,w2=3 B slvsw2, wl=3

1.00
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wi w2
Fig. 1 Green line: EL, Black line: PRO, Red line: EA.
A stvswil, w2=6 B s1vsw2, wi=6
"
4
1
o ® 3
o]
2]
B — I
4 5 6 3 4 5 6
wi w2

Fig. 2 Green line: EL, Black line: PRO, Red line: EA.

becomes the bigger shareholder. Now the situation of being a bigger shareholder is less likely for 1, so s7 slightly
increases. This is important to see, even though w; does not change, s; changes related to the change in ws. We
can see the red line in B is flatter than the one in A.

EL is the rule in favor of those who invested more in the project. In that sense, in Graph A, EL has the greatest
slope. When w; becomes greater than we = 3, 1 starts to hold more shares than 2. So she gets the advantage of
sharing the loss equally. That is the reason behind the green line is steeper than PRO. If the project goes under,
1 will not bear the loss of the whole amount she invested but share it equally with 2.

In Graph B, since ws rises, the explanations above apply to her investment attitude. As a result, 1 starts being
holding less share since wy and s went up. Finally, her reaction to an increase in the opponent’s investment will
be decreasing her investment gradually. Since w; is constant, there is no wealth effect thanks to an increase in w;
like Graph A. What we see is the effect coming from the opponent’s wealth, wy. We can see the green line in both
graphs starts at the same level of investment.

In Figure 2, initial wealth of the investors are not equal. In graph A 2 has greater wealth than 1 and in B it
is the opposite. Graph A shows what happens to the s} when w; goes from 3 to 6, while ws stays constant at 6.
Similar to Figure 1, Graph A in Figure 2 also reveals that the change in w; has a positive effect on s}. In Graph
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Svswi

wi

Fig. 3 Green line: EL, Black line: PRO, Red line: EA.

B, 1 has more wealth this time, and ws reaches to her wealth. The whole process of PRO is the same as what
happened in Figure 1.

Under EA, in Graph A, w; starts at 3, and this means 1 is more likely to be in an advantageous situation by
holding less share than 2. Nevertheless, the rise of w; results in an increase in investment. In B, 1 is a relatively
rich one in this pair, and while the wealth difference decreases, 1 raises her investment. While the wealth difference
is decreasing, also the difference of s7 and sj decreases. For every value of wy while it increases, 1 faces less
punishment from being a leading shareholder. That creates a positive reflection of sj and yields a slight increase.

Under EL, in Graph A, since 1 is the poorer agent, we can say 2 invests more when w; = 3. So, 2 will suffer
from the equal division of losses. The green line is steeper than the other two lines because both own wealth
increase effect and lowering the wealth difference as a secondary effect has a positive influence on sj. In B, 1 has
the advantage of being relatively rich and is investing more than she would in a case of equal wealth. As ws rises
and the wealth difference disappears, 1 gradually loses the advantage of EL and decreases sj. Figure 4 will show
the computations in detail.

Graph A in both Figures 1 and 3 shows the effect of personal wealth increase. Aforementioned, wealth change
is not necessary to be actualized. A comparison of two agents with different wealth would also be enough, and our
findings continue to apply.

Let us say there are two people with different decreasing absolute risk aversion (trying to make an inference
for real life). And they have some value of wealth in the beginning. If we raise their wealth, we will observe the
impact of their own wealth increase under all three principles. Since under PRO, ws is the only wealth component
of s7, we can see the effect of agent’s own wealth clearly. Under the other two principles, the result would consist
of the combination of own wealth’s and wealth of others’ effects.

Graph B in both Figures 1 and 3 shows the effect of an increase in the opponent’s wealth. In the analysis part,
thanks to the equal risk aversion assumption with 7s, we can be sure that if an agent has a greater wealth than
the other, she would invest more than the other. Nevertheless, when people who have different risk aversion for
the same amount of wealth get involved in the investment, even if one has greater wealth, she might not make
more investment than others. However, this does not lead the finding to lose its experimental interest. It can still
be contested in an experimental study.

Total investment under the three principles is shown in Figure 3. It clearly shows the ranking between principles
in terms of S is EL > PRO > EA. With the parameters of the model specified in the beginning of this section,
EL has the steepest slope. Wealth difference gives the greatest rise to total investment under EL. Another fact is
the one’s own wealth increase overrides the effect of opponent’s wealth increase when they encounter.

6 Conclusion

We study a bankruptcy problem with n > 2 agents endowed with DARA utility functions, where we focus on
equilibrium properties of three bankruptcy rules, namely, PRO, EA, and EL. Our first set of results, proposition
1, 2, and 3 establish the equilibrium behavior of agents for the bankruptcy corresponding to PRO, AP|a], and
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LPJa]. These three propositions are stated and proved for the general case of n > 2 and possibly differing degrees
of absolute risk aversions.

Due to the complex nature of the equilibria in the general version, we switch to a two-agent case (with a shared
risk aversion parameter for both agents) in further analysis of the equilibria.

Our first set of results from further analysis concerns the effect of own wealth and other’s wealth on the
equilibrium investment. It turns out that independent of the bankruptcy rule to be applied in case of the project
failing, an increase in own wealth leads to an increase in equilibrium investment. An increase in other agent’s
wealth, on the other hand, leads to no change (resp. increase, decrease) if PRO (resp. EA, EL) is the bankruptcy
rule applied.

We then turn to a comparison of equilibrium total investment levels for different bankruptcy rules. We show
that in terms of S, EL > PRO > EA. Our last section provides several illustrations from computations with
different sets of parameters that summarize and hopefully further clarify our results.
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8 Appendix

Proof (Proposition 1) For each agent i € N, PRO;(s) = 3s;.
Return in case of success: (w; — s;) + (1 4+ 1)s;) = w; +18;
Return in case of bankruptey: (w; — s;) + 8s; = w; + (1 — 8)s;

1—~. X s: Yi 1—~. = _ B Yi
UPRO(s) = pio (M) T (1 - p) e (e

by applying unconstrained maximization, we get:
) N\l (1— A\l
pr () S (- - ) ()

pT _ (wi—(l—ﬁ)si)’yiil
(1-p)(1-8) — wi+Ts;

o pr 7i-1
Let A; = [(1—p)(1—5)}
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Then A; = wi=(U=0)s

wi+rs;

_ _[1=Ai](w
BRi(s-) = T8y

The above expression is achieved by first-order conditions.
1
(1*[%} ”_1>(wi)

[m]i Lr(1-5)

BRi(S,Z') ==

11

The denominator of the equilibrium investment is positive where 4; > 0. w; ,r and (1—/3) are already positive.

1

So the last expression for s; to be positive is 1 — A; > 0. This can be transformed to 1 > {m} T

Since in our model v, < 1, the power of the right hand side is smaller than 1. The inequality reduces to pr

(1-p)(1-p)0

>

Proof (Proposition 2) PRO is the same principle as specified above. For each agent i € N, PRO;(s) = s;. Equal
Awards (EA) can be described as a principle, dividing the survived amount of money equally amongst agents. For

each agent i € N, EA;(s) = gZN s; in case of bankruptcy.

Now for AP[a], when dividing the bankrupt value, proportionality rule is weighted with a, and the Equal
Awards principle is weighted with (1 — «). The way of dividing the amount in case of success remains the same,

pure PRO.
Return in case of success: (w; — s;) + (1 +7)s; = w; +78;
Return in case of bankruptcy: (w; — s;) + afs; + (1 — a)% >N Si
= w; + (B-&-(n—rll)aﬂ— ) +(1- a) Sy

N\ . L Bt=Das-m) g 8 e\
UZ_AP[a](S) :plyi% (w,,+rs1> +(1 _p)l v (w + n si+( a)n2N13J>

1—; Vi 1=,
by applying unconstrained maximization, we get:
y,—1 L o4 BE=Das—n) o 8 e\t
pr (wfir.:fl> — (1 —p) (" B (:LL 1)“5) <“ + 0 sit(1—a)Z 3Ny 91)

1—;

n-1)af-n vi—1
npr _ wi+(ﬁ+( 71L) B )Si-‘r(l—a)% EN—‘L s;
(1-p)(n—B—(n—1)aB) — wi+Ts;

o npr vi—1
Let A; = [(1—p)(n—ﬁ—<n—1)aﬁ)}
Then A; = (wﬁ(ﬁﬂn‘i)”ﬁ‘") sit(1—a) 2 Sy, >

wi+T84

_ (=AY (wi)+(1-a) 8 Sy s
) (Air+n—ﬁ—(n—1)a/j)

( n
Let B = (L 4)(v),
—(1-

ﬁ
= A;r _|_(n B—(n— 1)045)

BR; (s_l) = w where S ="\ s;
Let F; = D; + C
_ Biios
BRI(S_z) = T
Solving this will give us:

\%

x _ B14+CS
st = =
+
+ .
* _ Bp+CS _
+ s, = =
g - [y_i F)BACS)+. +(1‘[N . F;) (B, +CS)
[y F
S = " %N[CBZZI:_[N[H Fj]‘ 7] and by s!’s formula, we have
v BN+CS NUIN—i £

The next step is replacing S inside the s}. And the s} becomes:
s* = (HNF CZN[HNﬂ ])J’_CZN[B HN—i F7]
v Fi(HNFL'*CZN[HNfiFj])

The expression which appears at the end of this process is the unique solution to the system {BR;(s_;)
Sl|Z S N}Z

(=40 ) (T (Air+(1-aB)~C Ty [Ty, (Air+(1-aB)] ) +C Dy [1-A)(w) [Ty, (Air+(1-aB))]

(Air+(1-aB)) (TTy (Air+(1-aB))=C Ty [TIx_, (Air+(1-ap))| )
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Breaking down this expression, w; is positive by definitions of w; in this model.
1
P

(HN(AZ-T +(1—-ap)—-C> N [HN\i(AiT +(1- aﬁ))D > 0 has to be satisfied. A; = [(171))("77"7’77’(”71)&@} T
is positive for any values of n, 5, a, p, and ~; defined in the model.

The last part in the nominator; +C >y [(1 = 4;)(w;) [Ty_;(Air + (1 — aB))] is positive conditional on 1—A; >
0 since C, w;, and []y_,;(4ir + (1 — afB)) are already positive. Both expressions in the denominator have been
examined before and stated as positive. Therefore, s} being positive is conditional on the expression 1 — A; is
positive or not.

npr vi—1
1 -4 =1~ |
1—A; >0 means 1 > A; so,

npr
1> | =t
Since 7, < 1 this makes the denominator of the power and the power negative. We can convert it to 1 >
1
[(lfp)(nfﬁf(nfl)aﬁ) 1=
npr

Now if we take 1 — 7, power of the both sides the inequality reduces to
pr>(1-p) (n—ﬁ—(:—l)aﬁ) 0

Proof (Proposition 8) Under EL, EL;(s) = s; — @ YN Si-
LPJo] is a mixture of PRO and EL rules, with weights o and (1 — ) respectively. LP[a];(s*) denotes the exact
return of investing s*. The way of dividing the amount in case of success remains the same, pure PRO.
Return in case of success: (w; — 8;) + (1 +r)s; = w; +rs;
Return in case of bankruptey: w; — a(1 — f)s; — (1 — «) (1;5) DN Si
= w; 4 Gl (1 - )R
A CES N EECES O PN e ER L ET) S

LP 1=, [ w;trs; . 1—, n ;
U; [a](s) =pr w%(wfjivm +n;)7% 4 (1 =p) “/7 ( 1= )

by applying unconstrained maximization, we get:

1 _(=8)(+(n=Da) . (1=a)(1=H) N\ vt
pr (itrs: T (1-p) (1-8)(1+(n—1a)] [ i n 5 n XN %
1=, n 1—7,
wi— A=A Utm=Da) o (-a)a=p) 5~ -\ Ti~]
npr o i " i - N_; i
(1-p)(1-B)(A+(n—1)a) < witrs; )

o npr vi—l
Let A; = [(1,p)(175)[1+(n71)a)]}

A=-B)A+(n=1)a) (1—a)(1—8)
Wwi— n Si— n XN, 55
Then A; = ( ‘ )

w;+TSs;
BRi(s.;) = (Lot B By
3 S* = — n— «@
v 4 (A”Jr%)

Since w >0, w; > 0and (4;r+ Wgw) > 0 by A; being positive. So if (1—A4;) < 0 everyone’s
best response and optimal investment level would be equal to 0.
If (1-A;) >0, to ak amount of agents (1, ...,k) might have best response functions BR;(s_;) > 0. 1 — A;

1-p)(1-B)(1+(n—1)a))
the similar exercise in EA-PRO, 1 — A4; > 0 reduces to pr > (1 — p)w We could explain the left-hand
side as the return on unit investment when the firm succeeds, the right-hand side as the loss agents face in the
case of bankruptcy.
Agents from k + 1 to n will face s; = 0 as an optimal investment level, because the 27 term in the nominator is
subtracted from the first term and for some agents this makes the investment level negative.This order assumption

1
being positive is examined in the previous rule too. But this time (1—A4;) = 1— [ c pr " Asin

of best response functions, by > ... > by > 0 = bx41 = ... = by, can be done thanks to the assumption of
Y1 2= oo Z Vi

Let Bi = (1 - Ai)(wi), C = w, Di = Air + (M), BRi(S_i) = %ﬁ;s’) where
S = ZN Si.

Let F; = D; — C, BRy(s_;) = B:5&2
Solving this will give us:

x _ B1—-CS
S1 = B
+
+ .
+ s, = A
S — (I, iy Fi)(Bi=CS)+...+(T 11, ky\ g4y Fi)(Bn—CS)

HkFi
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Sk(Bi .y Fi)

[, Fi+C Zk(n{l,m,k}\{i} Fj

x* _ B;—=CS

The next step is replacing S inside the s7. And the s; becomes:
s* — Bi(Hk Fi+CZ)«[H{1 ..... E3\{i} Fj])*CZk[Bi I, e\ giy FJ‘]
g F’i[Hk Fi+Czk(H{1,...,k}\{¢} Fj)]
The expression which appears at the end of this process is the unique solution to the system {BR;(s_;) =
SZ|’L S N}:
oF — (1=A3) (w) [IT,, (Air+(1=B)a)+C T, (TTga,.. iy oy (Air+(1=8)2)) | =C 3, [(A—Ad) (wi+(1=v:)n,) [T,
' (Air+(1=8)a) [T, (Air+(1=B))+C 4 (TT (1, .k g4y (Air+(1—8)a))]
Let us remember that this means the optimal investment level is positive for up to k agents and from k+1 to
n, the optimal investment is 0. Breaking down this expression, w; and the denominator term are positive. Also we

are already examining the case where 1 — A; > 0. So for those k agents,

B; <Hk E+Cy [H{l,...,k}\{i} FJD >C ) {Bi I EESIND! Fj}

is the condition for LP[a];(s*) > 0 and consequently sf > 0.

For {k+1,....,n}, B; (Hk F,+CY, [H{L_“’k}\{i} Fj]) <C {Bl- I, ki Fj} is the situation.
Carrying forward, the condition for k + 1 agents would be

B; (Hk+1 Fi+CY [H{l,...,k+1}\{i} FJD >C {Bi I, ki Fj]~

Thus when &k = n, the unique Nash equilibrium is s* = (s}, ...,s%) > 0 under (1 — A;) > 0 and

B; (HNFz +C2n [HN,iFjD >0y |:BiHN,i Fj]

The solution is:
g = 7A@ Ty (Air+(1=9)a)+0 Ty [ _, (Air+(1=p)o)] ) =C B [1=A0 () (Tw_, (Air+(1=)0) |

: O
' (Air+(1=8)a) (TTy (Air+(1=A)a)+C Ty [Ty _, (Air+(1-A)a) )

S = ) and by s}’s formula, we have

k}\{i}(A'iTJF(l*B)Of)]




